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Abstract. A cantilevered piezoelectric smart composite beam, consisting of
perfectly bonded elastic, viscoelastic and piezoelectric layers, is considered.
The piezoelectric layer is actuated by a voltage source. Both fully dynamic and
electrostatic approaches, based on Maxwell’s equations, are used to model the
piezoelectric layer. We obtain (i) fully-dynamic and electrostatic Rao-Nakra
type models by assuming that the viscoelastic layer has a negligible weight
and stiffness, (ii) fully-dynamic and electrostatic Mead-Marcus type models by
neglecting the in-plane and rotational inertia terms. Each model is a perturba-
tion of the corresponding classical smart composite beam model. These models
are written in the state-space form, the existence and uniqueness of solutions
are obtained in appropriate Hilbert spaces. Next, the stabilization problem for
each closed-loop system, with a thorough analysis, is investigated for the nat-
ural B∗−type state feedback controllers. The fully dynamic Rao-Nakra model
with four state feedback controllers is shown to be not asymptotically stable
for certain choices of material parameters whereas the electrostatic model is
exponentially stable with only three state feedback controllers (by the spectral
multipliers method). Similarly, the fully dynamic Mead-Marcus model lacks
of asymptotic stability for certain solutions whereas the electrostatic model is
exponentially stable by only one state feedback controller.
1. Introduction. A piezoelectric smart composite beam consisting of a stiff elastic
layer 1©, a complaint (viscoelastic) layer 2©, and a piezoelectric layer 3© is consid-
ered in this paper, see Fig. 1. The piezoelectric layer 3© is also an elastic beam with
electrodes at its top and bottom surfaces, insulated at the edges (to prevent fring-
ing effects), and connected to an external electric circuit. (See Figure 1). As the
electrodes are subjected to a voltage source, the piezoelectric layer compresses or
extends, inducing a bending moment in the composite structure. The electrostatic
assumption (due to Maxwell’s equations) is widely used to model the single piezo-
electric layer which entirely ignores the dynamic effects for the Maxwells’s magnetic
equations, see i.e. [4, 33, 34]. In fact, even though it is minor in comparison to the
mechanical, the dynamic electromagnetic effects have a dramatic effect on the con-
trol of these materials [22, 38, 39]. Many control approaches are also available to
control piezoelectric beams such as feedback, feedforward, sensorless, etc. [7, 8].
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Figure 1. A voltage-actuated piezoelectric smart composite of length L with
thicknesses h1, h2, h3 for its layers 1©, 2©, 3©, respectively. The longitudinal
motions of top and bottom layers 1© and 3© are controlled by g1(t), g3(t), V (t),
and the bending motions (of the whole composite) are controlled by M(t), g(t).
For the fully-dynamic models, written in the state-space formulation ϕ˙ =
Aϕ+Bu(t), the B∗−type observation for the piezoelectric layer naturally cor-
responds to the total induced current at its electrodes. It is more physical in
terms of practical applications. As well, measuring the total induced current at
the electrodes of the piezoelectric layer is easier than measuring displacements
or the velocity of the composite at one end of the beam, i.e. see [3, 5, 20].
The models of piezoelectric smart composites in the literature all assume the
electrostatic assumption for its piezoelectric layer. These models differ by the as-
sumptions for the viscoelastic layer and the geometry of the composite, i.e. see [36].
The models are either a Mead-Marcus (M-M) type or a Rao-Nakra (R-N) type as
obtained in [3, 15], respectively. The M-M model only describes the bending mo-
tion, and the R-N model describes bending and longitudinal motions all together.
These models reduce to the classical counterparts once the piezoelectric strain is
taken to be zero [19, 31]. The active boundary feedback stabilization of the clas-
sical R-N model (having no piezoelectric layer) is only investigated for hinged [28]
and clamped-free [40] boundary conditions. The exact controllability of the M-M
and R-N models are shown for the fully clamped, fully hinged, and clamped-hinged
models [12, 29]. The exponential stability in the existence of the passive distributed
“shear” damping term is investigated for the R-N and M-M models ([1, 42]) .
Asymptotic stabilization of piezoelectric smart composite models are investigated
in [3, 15] for various PID-type feedback controllers and a shear-type distributed
damping. The exponential stability of the electrostatic M-M and R-N models for
clamped-free boundary conditions has been open problems for more than a decade.
Recently, exponential stability of the electrostatic R-N model is shown by using
four type feedback controllers [24], two for the longitudinal motions and two for the
bending motions, by using the compact perturbation argument [35] together with
the use of spectral multipliers [28]. Exponential stability with only three controllers
is shown by using a tedious spectral-theoretic approach [41]. The fully dynamic R-N
model is also shown to be not asymptotically stable for many choices of material
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parameters by using the natural B∗−type feedback controllers [24]. The charge-
actuated electrostatic counterparts are shown to be exponentially stable whereas the
current-actuated electrostatic counterparts can only be asymptotically stabilizable
[25].
In this paper, we develop a novel modeling strategy to model a cantilevered piezo-
electric smart composite with/without the magnetic effects due to the Maxwell’s
equations. We mainly use the methodology developed in [11, 24]. We obtain two
models:
(i) A fully dynamic Rao-Nakra-type model by assuming that the stiffness and
the weight of the middle layer are negligible.
(ii) A fully dynamic Mead-Marcus-type model by assuming that in-plane and
rotational inertia terms are negligible.
By discarding the dynamic electromagnetic magnetic effects (electro-magnetic ki-
netic energy) in these models, electrostatic Rao-Nakra and Mead-Marcus models
are simply derived. The voltage control is part of the charge boundary conditions
corresponding to the dynamic charge equation. The fully dynamic Mead-Marcus
type model is novel in the literature. All models are shown to be well-posed and
are written in the state-space formulation.
For each model, natural B∗−type state feedback controllers are considered. We
summarize our findings as the following:
I. The fully dynamic closed-loop Rao-Nakra-type model is shown to be asymp-
totically stable for the inertial sliding solutions, see Theorem 5.1. It is simply
because the outer layers of the composite are made of different materials,
piezoelectric and elastic, and therefore, the top and the bottom layers have
different speeds of wave propagation. In fact, if the outer layers are identi-
cal piezoelectric beams as in [24], asymptotic stability fails for inertial sliding
solutions.
II. In contrast to the result above, the fully dynamic Mead-Marcus-type model is
not asymptotically stable for inertial-sliding solutions if the material param-
eters satisfy a number-theoretical condition, see Theorem 5.6.
III. The electrostatic Rao-Nakra-type model is recently shown to be exponentially
stable with four controllers in [24]. This result is improved in Theorem 5.4
by eliminating one redundant controller. The proof uses higher order spectral
multipliers as in [30], see Lemma 5.3. In fact, the same result is recently
announced in [41] by a different approach, which requires to determine the
spectrum of the closed-loop system.
IV. The electrostatic Mead-Marcus-type model is exponentially stable by only one
feedback controller. Similarly, the proof mainly uses the spectral multipliers,
see Theorem 5.9. Our result rigorously proves the findings of [3] where only
the asymptotic stability is claimed without a proof.
Note that modeling and well-posedness results for only the R-N model are briefly
announced in [23].
2. Modeling assumptions: Classical sandwich beam theory and electro-
magnetism. The piezoelectric smart composite beam considered in this paper is
consisting of a stiff layer, a complaint layer, and a piezoelectric layer, see Figure
1. The composite occupies the region Ω = Ωxy × (0, h) := [0, L] × [−b, b] × (0, h)
at equilibrium. The total thickness h is assumed to be small in comparison to the
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dimensions of Ωxy. The layers are indexed from 1 to 3 from the stiff layer to the
piezoelectric layer, respectively.
Let 0 = z0 < z1 < z2 < z3 = h, with
hi = zi − zi−1, i = 1, 2, 3.
We use the rectangular coordinates X = (x, y) to denote points in Ωxy, and (X, z)
to denote points in Ω = Ωs ∪ Ωve ∪ Ωp, where Ωs,Ωve, and Ωp are the reference
configurations of the stiff, viscoelastic, and piezoelectric layer, respectively, and
they are given by
Ωs = Ωxy × (z0, z1), Ωve = Ωxy × (z1, z2), Ωp = Ωxy × (z2, z3).
For (X, z) ∈ Ω, let U(X, z) = (U1, U2, U3)(X, z) denote the displacement vector
of the point (from reference configuration). For the beam theory, all displace-
ments are assumed to be independent of y−coordinate, and U2 ≡ 0. The trans-
verse displacements is w(x, y, z) = U3(x) = wi(x) for any i and x ∈ [0, L]. Define
ui(x, y, z) = U1(x, 0, zi) = ui(x) for i = 0, 1, 2, 3 and for all x ∈ (0, L).
Define
~ψ = [ψ1, ψ2, ψ3]T, ~φ = [φ1, φ2, φ3]T, ~v = [v1, v2, v3]T
where
ψi = u
i − ui−1
hi
, φi = ψi + wx, vi =
ui−1 + ui
2 , i = 1, 2, 3. (1)
where ψi is the total rotation angles (with negative orientation) of the deformed
filament within the ith layer in the x−z plane, φi is the (small angle approximation
for the) shear angles within each layer, vi is the longitudinal displacement of the
center line of the ith layer.
For the middle layer, we apply Mindlin-Timoshenko small displacement assump-
tions, while for the outer layers Kirchhoff small displacement assumptions are ap-
plied. Therefore,
φ1 = φ3 = 0, ψ1 = ψ3 = −wx, φ2 = ψ2 + wx. (2)
Let G2 be the shear modulus of the viscoelastic layer. Defining zˆi = z
i−1+zi
2 , and
α1 = c111, α2 = c211, α3 = α31 + γ2β, α31 = c311,
γ = γ31, γ1 = γ15, β =
1
ε33
, β1 =
1
ε11
, (3)
where ckij are elastic stiffness coefficients of each layer, and γij and εij , are piezoelec-
tric and permittivity coefficients for the piezoelectric layer. Refer to [27] for sample
piezoelectric constants. The displacement field, strains, and the constitutive rela-
tionships for each layer are given in Table 1. We follow the dynamic approach in
[21, 24] to include the electromagnetic effects for the piezoelectric layer 3© . The
magnetic field B is perpendicular to the x − z plane, and therefore, B2(x) is the
only non-zero component. Assuming E1 = D1 = 0, and by dB2dx = −µD˙3, we obtain
the total induced current accumulated [0, x] ∈ [0, L] portion of the piezoelectric
beam B2 = −µ
∫ x
0 D˙3(ξ, z, t) dξ. This is physical since B2(0) = 0 at the clamped
end of the beam and B2(L) = −µ
∫ L
0 D˙3(ξ, z, t) dξ at the free end of the beam.
Analogously, we define p =
∫ x
0 D3(ξ, t) dξ to be the total charge of the piezoelectric
beam at x ∈ (0, L] so that px = D3, and p(0) = 0.
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Figure 2. The equations of motion describing the overall “small”
vibrations on the composite beam are dictated by the variables
v1(x, t), v3(x, t), w(x, t), φ2(x, t) which correspond to the longitudinal vibra-
tions of Layers 1© and 3©, bending of the composite 1©- 2©- 3©, and shear of
Layer 2©.
Layers Displacements, Stresses, Strains,
Electric fields, and Electric displacements
Layer 1© - Elastic
U11 (x, z) = v1(x)− (z − zˆ1)wx, U3(x, z) = w(x)
S11 = ∂v
1
∂x +
1
2 (wx)2 − (z − zˆ1)∂
2w
∂x2 , S13 = 0
T11 = α1S11, T13 = T12 = T23 = 0
Layer 2© - Viscoelastic
U21 (x, z) = v2(x) + (z − zˆ2)ψ2(x), U3(x, z) = w(x)
S11 = ∂v
2
∂x − (z − zˆi)∂ψ
2
∂x , S13 =
1
2φ
2
T11 = α21S11, T13 = 2G2S13, T12 = T23 = 0
Layer 3© - Piezoelectric
U31 (x, z) = v3(x)− (z − zˆ3)wx, U3(x, z) = w(x)
S11 = ∂v
3
∂x +
1
2 (wx)2 − (z − zˆ3)∂
2w
∂x2 , S13 = 0
T11 = α3S11 − γβD3, T13 = T12 = T23 = 0
E1 = β1D1, E3 = −γβS11 + βD3
Table 1. Linear constitutive relationships for each layer. Uji , Tij , Sij , Di, and
Ei denote displacements, the stress tensor, strain tensor, electrical displace-
ment, and electric field for i, j = 1, 2, 3.
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Assume that the beam is subject to a distribution of boundary forces (g˜1, g˜3, g˜)
along its edge x = L, see Fig. 1. Now define
gi(x, t) =
∫ z1
0 g˜
i(x, z, t) dz, g(x, t) =
∫ h
0 g˜(x, z, t) dz,
mi =
∫ zi
zi−1
(z − zˆi)g˜i(x, z, t) dz, i = 1, 3
to be the external force resultants defined as in [14]. For our model, it is appropriate
to assume that g˜1, g˜3 are independent of z, Let V (t) be the voltage applied at the
electrodes of the piezoelectric layer. By using Table 1 (with the assumption D1 = 0),
the Lagrangian for the ACL beam is
L =
∫ T
0
[K− (P+E) +B+W] dt
where
K = 12
∫ L
0
[
ρ1h1(v˙1)2 + ρ2h2(v˙2)2 + ρ3h3(v˙3)2 + ρ2h2(ψ˙2)2
+ (ρ1h1 + ρ3h3) w˙2x + (ρ1h1 + ρ2h2 + ρ3h3) w˙2
]
dx,
P+E = 12
∫ L
0
[
α3h3
(
(v3x)2 +
h23
12w
2
xx
)
− 2γβh3v3xpx + βh3p2x
+α2h2
(
(v2x)2 +
h22
12ψ
2
x +G2h2
(
φ2
)2 + α1h1 ((v1x)2 + h2112w2xx)] dx,
B = µh2
∫ L
0 p˙
2 dx,
W =
∫ L
0 [−pxV (t)] dx+ g1v1(L) + g3v3(L) + gw(L)−Mwx(L).
(4)
Here, M = m1 +m3, p =
∫ x
0 D3(ξ, t) dξ is the total electric charge at point x, ρi is
the volume density of the ith layer, and K, P+E, B, and W are the kinetic energy,
the total stored energy, and the magnetic energy of the beam, and the work done
by the external mechanical and electrical forces [24].
2.1. Hamilton’s Principle. By using (1)-(2), the variables v2, φ2 and ψ2 can be
written as the functions of state variables as the following
v2 = 12
(
v1 + v3
)
+ h3 − h14 wx, ψ
2 = 1
h2
(−v1 + v3)+ h1 + h32h2 wx
φ2 = 1
h2
(−v1 + v3)+ h1 + 2h2 + h32h2 wx.
Thus, we choose w, v1, v3 as the state variables. Let H = h1+2h2+h32 . Application of
Hamilton’s principle, by using forced boundary conditions, i.e. clamped at x = 0,
by setting the variation of admissible displacements {v1, v3, p, w} of L to zero yields
the following coupled equations of stretching in odd layers, dynamic charge in the
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piezoelectric layer, the bending of the whole composite:
(
ρ1h1 + ρ2h23
)
v¨1 + ρ2h26 v¨3 − 16α2h2v3xx −
(
α1h1 + 13α2h2
)
v1xx
−ρ2h212 (2h1 − h3)w¨x + α
2h2
12 (2h1 − h3)wxxx −G2φ2 = f1,(
ρ3h3 + ρ2h23
)
v¨3 + ρ2h26 v¨1 − 16α2h2v1xx −
(
α3h3 + 13α2h2
)
v3xx
+ρ2h212 (2h3 − h1)w¨x − α
2h2
12 (2h3 − h1)wxxx +G2φ2 + γβh3pxx = f3,
µh3p¨− βh3pxx + γβh3v3xx = 0,
(ρ1h1 + ρ2h2 + ρ3h3)w¨ − 112
(
ρ1h
3
1 + ρ3h33 + ρ2h2(h21 + h23 − h1h3)
)
w¨xx
+ 112
(
α1h31 + α3h33 + α2h2(h21 + h23 − h1h3)
)
wxxxx + ρ2h212 (2h1 − h3)v¨1x
−α2h212 (2h1 − h3)v1xxx − ρ2h212 (2h3 − h1)v¨3x + α
2h2
12 (2h3 − h1)v3xxx
−HG2φ2x = f.
(5)
with associated boundary and initial conditions
v1, v3, w, wx, p
∣∣
x=0 = 0,
1
6α
2h2v
3
x +
(
α1h1 + 13α2h2
)
v1x
+ρ2h212 (2h1 − h3)w¨ − α
2h2
12 (2h1 − h3)wxx
∣∣∣
x=L
= g1(t),
1
6α
2h2v
1
x +
(
α3h3 + 13α2h2
)
v3x − ρ2h212 (2h3 − h1)w¨
+α
2h2
12 (2h3 − h1)wxx − γβh3px
∣∣∣
x=L
= g3(t),
βh3px − γβh3v3x = −V (t)
∣∣
x=L ,
α1(h1)3+α3(h3)3+α2h2((h1)2+(h3)2−h1h3)
12 wxx − α2h212 (2h1 − h3)v1x
+α2h212 (2h3 − h1)v3x
∣∣
x=L = M(t),
ρ1(h1)3+ρ3(h3)3+ρ2h2((h1)2+(h3)2−h1h3)
12 w¨ − ρ2h212 (2h1 − h3)v¨1
+α2h212 (2h1 − h3)v1xx − α
1(h1)3+α3(h3)3+α2h2((h1)2+(h3)2−h1h3)
12 wxxx
+ρ2h212 (2h3 − h1)v¨1 − α2h212 (2h3 − h1)v3xx +G2Hφ2
∣∣∣
x=L
= g(t),
(v1, v3, p, w, v˙1, v˙3, p˙, w˙)(x, 0) = (v10 , v30 , w0, p0, v11 , v31 , p1, w1).
(6)
Note that the equations of motion (5)-(6) does not have any distributed damping
term. It is simply because the aim of the paper is to investigate the stabilizability
of the closed-loop system with only the B∗−type stabilizing boundary controllers.
Presumably, adding a (viscous) distributed damping term in the form of a shear
damping or Kelvin-Voight damping would automatically make the structure asymp-
totically stable. For practical applications, it is more relevant to consider a shear-
type of damping due to the viscoelastic middle layer by replacing the term G2φ2 by
G2φ
2 + G˜2φ˙2 in (5) -(6) where G˜2 is the damping coefficient [11].
3. Fully-dynamic Rao-Nakra (R-N) model. The model obtained above is
highly coupled, and it is not very easy to analyze the controllability properties.
For this reason, we assume the thin-compliant-layer Rao-Nakra sandwich beam as-
sumptions that the viscoelastic layer is thin and its stiffness negligible. Therefore
we work with the perturbed model for ρ2, α2 → 0; as in [11]. This approximation
retains the potential energy of shear and transverse kinetic energy so that the model
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above reduces to
ρ1h1v¨
1 − α1h1v1xx −G2φ2 = f1,
ρ3h3v¨
3 − α3h3v3xx + γβh3pxx +G2φ2 = f3,
µh3p¨− βh3pxx + γβh3v3xx = 0,
mw¨ −K1w¨xx +K2wxxxx −G2Hφ2x = f,
φ2 = 1h2
(−v1 + v3 +Hwx)
(7)
with the boundary and initial conditions
v1(0) = v3(0) = p(0) = w(0) = wx(0) = 0, α1h1v1x(L) = g1(t),
α3h3v
3
x(L)− γβh3px(L) = g3(t), βh3px(L)− γβh3v3x(L) = −V (t),
K2wxx(L) = −M(t),K1w¨x(L)−K2wxxx(L) +G2Hφ2(L) = g(t),
(v1, v3, p, w, v˙1, v˙3, p˙, w˙)(x, 0) = (v10 , v30 , p0, w0, v11 , v31 , p1, w1)
(8)
where m = ρ1h1 + ρ2h2 + ρ3h3, K1 = ρ1h
3
1
12 +
ρ3h
3
3
12 , and K2 =
α1h31
12 +
α3h33
12 .
Semigroup well-posedness: Define
H1L(0, L) = {ψ ∈ H1(0, L) : ψ(0) = 0},
H2L(0, L) = {ψ ∈ H2(0, L) : ψ(0) = ψx(0) = 0},
and the complex linear spaces
X = L2(0, L), V =
(
H1L(0, L)
)3 ×H2L(0, L),H = X3 ×H1L(0, L), H = V×H.
The energy associated with (7)-(8) is
E(t) = 12
∫ L
0
{
ρ1h1|v˙1|2 + ρ3h3|v˙3|2 + µh3|p˙|2 +m|w˙|2 + α1h1|v1x|2 + α3h3|v3x|2
+K1|w˙x|2 +K2|wxx|2 − γβh3vxp¯x − γβh3pxv¯3x + βh3|px|2 +G2h2|φ2|2
}
dx.
This motivates the definition of the inner product on H :
〈
u1
...
u8
 ,

v1
...
v8

〉
H
=
〈
u5
u6
u7
u8
 ,

v5
v6
v7
v8

〉
H
+
〈
u1
u2
u3
u4
 ,

v1
v2
v3
v4

〉
V
=
∫ L
0 {ρ1h1u5v¯5 + ρ3h3u6v¯6 + µh3u7v¯7 +mu8v¯8 +K1(u8)x(v¯8)x
+α1h1(u1)x(v¯1)x +K2(u4)xx(v¯4)xx
+G2h2 (−u1 + u2 +H(u4)x)(−v¯1 + v¯2 +H(v¯4)x)
+h3
〈 α3 + γ2β −γβ
−γβ β
 u2x
u3x
 ,
 v2x
v3x
〉
C2
 dx
(9)
where 〈·, ·〉C2 is the inner product on C2. Obviously, 〈 , 〉H does indeed define an
inner product, with the induced energy norm, since
∣∣∣∣∣∣ α
3 + γ2β −γβ
−γβ β
∣∣∣∣∣∣ > 0. As
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well, ‖−u1+u2+H(u4)x‖L2(0,L) does not violate the coercivity of (9), see (Lemma
2.1, [11]) for the details.
Consider that all external body forces are zero, i.e. f1, f3, f ≡ 0. Writing
ϕ = [v1, v3, p, w, v˙1, v˙3, p˙, w˙]T and F(t) =
(
g1(t), g3(t), V (t),M(t), g(t)
)
, the con-
trol system (7)-(8) can be put into the state-space form
ϕ˙+
 04×4 I4×4
M−1A 04×4

︸ ︷︷ ︸
A
ϕ =
 04×5
B0

︸ ︷︷ ︸
B
F(t), ϕ(x, 0) = ϕ0. (10)
where A : Dom(A) ⊂ H → H with Dom(A) = {(~z, ~˜z) ∈ V × V,A~z ∈ V′}, and the
operators A : V → V ′, M : H1L(0, L) → (H1L(0, L))′, B ∈ L(C5, (Dom(A))′), B0 ∈
L(C5,V′) are 〈
Aψ, ψ˜
〉
V ′,V =
〈
ψ, ψ˜
〉
V
, M = [ρ1h1I ρ3h3I µh3I M] ,〈Mψ, ψ˜〉(H1(0,L))′,H1
L
(0,L)) =
∫ L
0
(
mψψ˜ +K1ψxψ˜x
)
dx,
B0 =

δL 0 0 0 0
0 δL 0 0 0
0 0 −δL 0 0
0 0 0 (δL)x δL
 .
In the above, δL = δ(x−L) is the Dirac-Delta distribution, and V′ and (Dom(A))′
are dual spaces of V and Dom(A) pivoted with respect H, respectively. We have
the following well-posedness and perturbation theorem:
Theorem 3.1. Let T > 0, and F ∈ (L2(0, T ))5. For any ϕ0 ∈ H, ϕ ∈ C[[0, T ];H],
and there exists a positive constants c1(T ) such that (10) satisfies
‖ϕ(T )‖2H ≤ c1(T )
(
‖ϕ0‖2H + ‖F‖2(L2(0,T ))5
)
.
Proof. The proof is provided in [23].
Theorem 3.2. For fixed initial data and no applied forces, the solution (v1, v3, p, w) ∈
H of (5)-(6) converges to the solution of (v1, v3, p, w) ∈ H in (7)-(8) as ‖(ρ2, α2)‖R2 →
0.
Proof. The system (7)-(8) is the perturbation of the system (5)-(6). The proof is
analogous to the one in [11].
3.1. Electrostatic Rao-Nakra (R-N) model. Note that, if we exclude the mag-
netic effects by µ→ 0 in (7)-(8), or B ≡ 0 in (4), the p−equation in (7)-(8) can be
solved for p. Then, the simplified equations of motion are as the following
ρ1h1v¨
1 − α1h1v1xx −G2φ2 = 0
ρ3h3v¨
3 − α31h3v3xx +G2φ2 = 0
mw¨ −K1w¨xx +K2wxxxx −G2Hφ2x = 0
φ2 = 1h2
(−v1 + v3 +Hwx)
(11)
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with the boundary and initial conditions
v1(0) = v3(0) = w(0) = wx(0) = 0,
α1h1v
1
x(L) = g1(t), α31h3v3x(L) = −γV (t),
K2wxx(L) = −M(t), K1w¨x(L)−K2wxxx(L) +G2Hφ2(L) = g(t),
(v1, v3, w, v˙1, v˙3, w˙)(x, 0) = (v10 , v30 , w0, v11 , v31 , w1).
(12)
where we use (3). We also free g3(t) ≡ 0, which is the mechanical strain controller
at the tip x = L, since the voltage control V (t) of the piezoelectric layer is able to
control the strains by itself.
Semigroup Formulation: Define the complex linear space H = V × H where
V =
(
H1L(0, L)
)2 × H2L(0, L), H = X2 × H1L(0, L). The natural energy associated
with (11)-(12) is
E(t) = 12
∫ L
0
{
ρ1h1|v˙1|2 + ρ3h3|v˙3|2 +m|w˙|2 + α1h1|v1x|2 + α31h3|v3x|2 +K1|w˙x|2
+K2|wxx|2 +G2h2|φ2|2
}
dx.
This motivates definition of the inner product on H
〈
u1
...
u6
 ,

v1
...
v6

〉
H
=
〈
u4
u5
u6
 ,

v4
v5
v6

〉
H
+
〈
u1
u2
u3
 ,

v1
v2
v3

〉
V
=
∫ L
0
{
ρ1h1u5 ˙¯v5 + ρ3h3u6 ˙¯v6 + µh3u˙7 ˙¯v7 +mu˙8 ˙¯v8 +K1(u8)x(v¯8)x
+α1h1(u1)x(v¯1)x +K2(u4)xx(v¯4)xx + α13h3(u3)x(v¯3)x
+G2h2 (−u1 + u2 +H(u4)x)(−v¯1 + v¯2 +H(v¯4)x)
}
dx.
Writing ϕ = [v1, v3, w, v˙1, v˙3, w˙]T and F(t) =
(
g1(t), V (t),M(t), g(t)
)
, the control
system (11)-(12) can be put into the state-space form
ϕ˙+
 03×3 I3×3
M−1A 03×3

︸ ︷︷ ︸
A
ϕ =
 03×4
B0

︸ ︷︷ ︸
B
F(t), ϕ(x, 0) = ϕ0. (13)
where Dom(A) = {(~z, ~˜z) ∈ V × V,A~z ∈ V′}, A : Dom(A) × V ⊂ H → H, M =
[ρ1h1I ρ3h3I M] , and the operators B ∈ L(C4, (Dom(A))′), B0 ∈ L(C4,V′) are
〈
Aψ, ψ˜
〉
V ′,V =
〈
ψ, ψ˜
〉
V
, B0 =

δL 0 0 0
0 δL 0 0
0 0 (δL)x δL
 .
Theorem 3.3. Let T > 0, and F ∈ (L2(0, T ))4 ∈ L2(0, T ). For any ϕ0 ∈ H,
ϕ ∈ C[[0, T ];H] and there exists a positive constants c1(T ) such that (13) satisfies
‖ϕ(T )‖2H ≤ c1(T )
{
‖ϕ0‖2H + ‖F‖2(L2(0,T ))4
}
.
Proof. The proof can be found in [23].
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Theorem 3.4. For fixed initial data and no applied forces, the solution (v1, v3, w) ∈
H of (5)-(6) converges to the solution of (v1, v3, w) ∈ H in (11)-(12) as
‖(ρ2, α2, µ)‖R3 → 0.
4. Fully dynamic Mead-Marcus (M-M) model. Another way to simplify (5)-
(6) is to assume the Mead-Marcus type sandwich beam assumptions that the longi-
tudinal and rotational inertia terms are negligible in (5)-(6). This type of perturba-
tion is singular, and therefore, solutions do not behave continuously with respect to
this perturbation. However, it is noted in [11] that this type of approximation pro-
vides a close approximation to the original Rao-Nakra model in the low-frequency
range. In this section, we follow the methodology in [10]. By v¨1, v¨3, w¨xx → 0 in
(5)-(6), we obtain

− 16α2h2v3xx −
(
α1h1 + 13α2h2
)
v1xx + α
2h2
12 (2h1 − h3)wxxx −G2φ2 = f1,
− 16α2h2v1xx −
(
α3h3 + 13α2h2
)
v3xx − α
2h2
12 (2h3 − h1)wxxx
+G2φ2 + γβh3pxx = f3,
µh3p¨− βh3pxx + γβh3v3xx = −V (t)δL,
mw¨ − α2h212 (2h1 − h3)v1xxx + α
2h2
12 (2h3 − h1)v3xxx
+ 112
(
α1h31 + α3h33 + α2h2(h21 + h23 − h1h3)
)
wxxxx −HG2φ2x = f,
φ2 = 1h2
(−v1 + v3 +Hwx) ,
(14)
with the boundary and initial conditions

v1, v3, w, wx, p
∣∣
x=0 = 0,
1
6α
2h2v
3
x +
(
α1h1 + 13α2h2
)
v1x − α
2h2
12 (2h1 − h3)wxx
∣∣∣
x=L
= g1(t),
1
6α
2h2v
1
x +
(
α3h3 + 13α2h2
)
v3x + α
2h2
12 (2h3 − h1)wxx
−γβh3px|x=L = g3(t),
βh3px(L)− γβh3v3x(L)
∣∣
x=L = 0,
α1(h1)3+α3(h3)3+α2h2((h1)2+(h3)2−h1h3)
12 wxx
−α2h212 (2h1 − h3)v1x + α2h212 (2h3 − h1)v3x
∣∣
x=L = M(t),
−α1(h1)3+α3(h3)3+α2h2((h1)2+(h3)2−h1h3)12 wxxx
+α2h212 (2h1 − h3)v1xx − α2h212 (2h3 − h1)v3xx +G2Hφ2
∣∣
x=L = g(t),
(v1, v3, p, w, v˙1, v˙3, p˙, w˙)(x, 0) = (v10 , v30 , p0, w0, v11 , v31 , p1, w1).
(15)
For the rest of the section, we free all mechanical controllers g1(t), g3(t),M(t), g(t) ≡
0 and just keep voltage controller V (t). Let ς = G2h2 , and define the positive constants
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by
A = 112
(
α1h31 + α3h33 +
α2h22(3α2h2(α1h31+α3h33)+12α1α3h1h3(h21+h23−h1h3))
α2(h2)2(4α1h1+α2h2+4α3h3)+12α1α3h1h2h3
)
,
B1 =
α2[α2h22+3α1h21+4α1h1h2+3α3h23+4α3h2h3]+12α1α3Hh1h3
α2h22(4α1h1+α2h2+4α3h3)+12α1α3h1h2h3
,
B2 = 6α
2h2+12α1h1
α2h22(4α1h1+α2h2+4α3h3)+12α1α3h1h2h3
,
B3 =
1
2 (α
2)2h32h
2
3+2α
1α2h1h
2
2h
2
3−α1α2h21h22h3
α2h22(4α1h1+α2h2+4α3h3)+12α1α3h1h2h3
,
B4 = (α
2)2h32h3+12α
1α31h1h2h
2
3+4α
1α2h1h
2
2h3+4α
2α31h
2
2h
2
3
α2h22(4α1h1+α2h2+4α3h3)+12α1α31h1h2h3
,
C = 12(α
1h1+α2h2+α3h3)
α2h2(4α1h1+α2h2+4α3h3)+12α1α3h1h3 .
(16)
Now we multiply the first and second equations in (14) by
( 1
24α
2h2 + 112α3h3
)
and
− ( 124α2h2 + 112α1h1) , respectively, and add these two equations. An alternate
formulation is obtained as the following
mw¨ +Awxxxx −B1ςγβh2h3φ2x + γβB3pxxx = 0,
Cςφ2 − φ2xx +B1wxxx +B2pxx = 0,
µh3p¨− βB4pxx + γβh2h3ςB2φ2 − γβB3wxxx = −V (t)δL
(17)
with the boundary and initial conditions∣∣w,wx, φ2, p ∣∣x=0 = 0,
|Awxx + γβB3px|x=L = 0, |βB4px + γβB3wxx|x=L = 0,∣∣−Awxxx +B1ςγβh2h3φ2 − γβB3pxx∣∣x=L = 0,∣∣φ2x −B1wxx −B2px∣∣x=L = 0,
(w, p, w˙, p˙)(x, 0) = (w0, p0, w1, p1).
By 16, the boundary conditions can be further simplified to obtain∣∣w,wx, φ2, p ∣∣x=0 = 0, ∣∣wxx = φ2x = px∣∣x=L = 0,∣∣−Awxxx +B1ςγβh2h3φ2 − γβB3pxx∣∣x=L = 0.
Now let ξ = Cς. The elliptic equation for φ2 in (17) can be written as −φ2xx + ξφ2 = −B1wxxx −B2pxx,φ2(0) = φ2x(L) = 0. (18)
Since a(φ, ψ) =
∫ L
0 (ξ φx ψx + φ ψ) is a continuous and coercive bilinear form on
H1L(0, L), and b(ψ) =
∫ L
0 gψ dx is a continuous functional on H
1
L(0, L) for given
g ∈ L2(0, L), by the Lax-Milgram theorem, the elliptic equation a(φ, ψ) = b(g, ψ)
has a unique solution and this solution is φ = Pξg where the operator P−1ξ is defined
by
P−1ξ := (−D2x + ξI)−1. (19)
It follows from (17) that
φ2 = −Pξ (B1wxxx +B2pxx) . (20)
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Plugging (20) in (17), we obtain{
mw¨ +Awxxxx + (B21γβh2h3ςPξwxxx)x + γβh2h3(B1B2ςPξpxx)x + γβB3pxxx = 0,
µh3p¨− βB4pxx − γβB3wxxx − γβh2h3ςPξ
(
B1B2wxxx +B22pxx
)
= −V (t)δL.
with the boundary and initial conditions
|w,wx, p |x=0 = 0, |wxx, px|x=L = 0,∣∣Awxxx +B21γβh2h3ς(Pξwxxx) +B1B2ς(Pξpxx) + γβB3pxx∣∣x=L = 0,
(w, p, w˙, p˙)(x, 0) = (w0, p0, w1, p1).
Remark 1. This model describes the coupling between bending of the whole com-
posite and magnetic charge of the piezoelectric layer. This can be compared to
the model obtained in [21] where the equations of motion describes the coupling
between the longitudinal motions on the single piezoelectric layer and the magnetic
charge equation. This model is novel and is never mathematically analyzed in the
literature.
Lemma 4.1. Let Dom(D2x) = {w ∈ H2(0, L) : w(0) = wx(L) = 0}. Define
the operator J = ξPξ − I. Then J is continuous, self-adjoint and non-positive on
L2(0, L). Moreover, for all w ∈ Dom(Pξ),
Jw = PξD2x = (ξI −D2x)−1D2xw. (21)
Proof. Continuity and self-adjointness easily follow from the definition of J. We
first prove that J is a non-positive operator. Let u ∈ L2(0, L). Then Pξu = (ξI −
D2x)−1u = s implies that s ∈ Dom(D2x) and ξs− sxx = u
〈Ju, u〉L2(0,L) = 〈(ξPξ − I)u, u〉L2(0,L)
= 〈ξs− ξs+ sxx, ξs− sxx〉L2(0,L)
= ξ 〈sxx, s〉L2(0,L) − 〈sxx, sxx〉L2(0,L)
= −ξ‖sx‖2L2(0,L) − ‖sxx‖2L2(0,L).
To prove (21), let PξD2xw := v. Then wxx = P−1ξ v. Adding and subtracting ξw
on the left hand side yields ξw− ξw+wxx = P−1ξ v, we obtain ξw−P−1ξ w = P−1ξ v,
and therefore v = −w + ξPξw = Jw.
The equations in (17) can be simplified as
mw¨ +Awxxxx + γβB3pxxx + γβh2h3ς
(
B21Jwx +B1B2Jp
)
x
= 0,
µh3p¨− βB4pxx − γβB3wxxx
−γβh2h3ς
(
B22Jp+B1B2Jwx
)
= −V (t)δL.
(22)
with the boundary and initial conditions
|w,wx, p |x=0 = 0, |wxx, px|x=L = 0,∣∣Awxxx + γβh2h3B21ς(Jwx) + γβh2h3B1B2ς(Jp) + γβB3pxx∣∣x=L = 0,
(w, p, w˙, p˙)(x, 0) = (w0, p0, w1, p1).
(23)
Semigroup well-posedness: Define H = V×H where
V = H2L(0, L)×H1L(0, L), H = X2 = (L2(0, L))2. (24)
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The energy associated with (22)-(23) is
E(t) = 12
∫ L
0
{
m|w˙|2 + µh3|p˙|2 +A|wxx|2 + βB4|px|2 + γβB3pxw¯xx
+γβB3p¯x wxx − γβh2h3ς(J(B1wx +B2p))(B1w¯x +B2p¯)} dx
= 12
∫ L
0
{
m|w˙|2 + µh3|p˙|2 − γβh2h3ς(J(B1wx +B2p))(B1w¯x +B2p¯)
+
〈 A γβB3
γβB3 βB4
 wxx
px
 ,
 wxx
px
〉
C2
 dx.
This motivates definition of the inner product on H
〈
u1
u2
u3
u4
 ,

v1
v2
v3
v4

〉
H
=
〈 u3
u4
 ,
 v3
v4
〉
H
+
〈 u1
u2
 ,
 v1
v2
〉
V
=
∫ L
0 {mu3v¯3 + µh3u4v¯4 − γβh2h3ς(J(B1(u1)x +B2u2))(B1(u¯1))x +B2(u¯2))
+
〈 A γβB3
γβB3 βB4
 (u1)xx
(u2)x
 ,
 (u1)xx
(u2)x
〉
C2
 dx.
Here 〈 , 〉H defines an inner product with induced energy norm since J is a non-
positive operator, and the matrix
 A γβB3
γβB3 βB4
 is positive definite and the
determinant is
AB4 − γ2βB23 = 43h51h42h3α31α22 + 53h41h52h3α21α32 + 13h31h62h3α1α42
+4h51h32h23α31α2α3 + 163 h41h42h23α21α22α3 +
4
3h
2
1h
4
2h
4
3α
2
1α
2
2α3
+ 43h31h52h23α1α32α3 +
2
3h1h
5
2h
4
3α1α
3
2α3 + h1h52h23α1α32α˜3
( 4
3h
2
1 − h1h3 + 2h23
)
+ 112h62h43α42α3 +
1
4h
6
2h
4
3α
4
2α˜3 + 4h21h32h53α21α2α23 + 73h1h42h53α1α22α23
+ 13h52h53α32α23 + 4h51h32h23α31α2α˜3 +
19
3 h
4
1h
4
2h
2
3α
2
1α
2
2α˜3 + 12h51h22h33α31α3α˜3
+ 43h52h53α32α3α˜3 +
28
3 h1h
4
2h
5
3α1α
2
2α3α˜3
+h21h32h33α21α2α3α˜3
(
20h21 − 12h1h3 + 16h23
)
+ 43h31h42h33α1α22α3α˜3
+12h21h22h63α21α23α˜3 + 8h1h32h63α1α2α23α˜3 + 43h42h63α22α23α˜3 > 0.
Define the operator A : Dom(A) ⊂ H → H with Dom(A) = {(~z, ~˜z) ∈ V ×V,A~z ∈
V′}, where A =
 02×2 I2×2
A 02×2
 and
A =
 −AmD4x − γβh2h3ςB21m DxJDx −γβh2h3ςB1B2m DxJ − γβB3m D3x
γβh2h3ςB1B2
µ JDx +
γβB3
µ D
3
x
βB4
µh3
D2x +
γβh2ςB
2
2
µ J
 , (25)
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Dom(A) =
(
H4(0, L) ∩H2L(0, L)
)× (H3(0, L) ∩H1L(0, L))⋂
{~z = (z1, z2)T, A~z ∈ H, (z1)xx = (z2)x|x=L = 0,
Az1xxx + γβh2h3B21ς(Jz1x) + γβh2h3B1B2ς(Jz2) + γβB3z2xx ∈ H1R(0, L)
}
where H1R(0, L) = {ϕ ∈ H1(0, L) : ϕ(L) = 0}. It is now obvious that Az ∈ H as
z ∈ Dom(A). Define the control operator B
B0 ∈ L(C,V′), with B0 =
 0
− 1µh3 δL
 ,
B ∈ L(C,Dom(A)′), with B =
 02×1
B0
 .
where V′ is the dual of V pivoted with respect H.
Writing ϕ = [w, p, w˙, p˙]T, the control system (22)-(23) with the voltage controller
V (t) can be put into the state-space form
ϕ˙ =
 0 I2×2
−A 0

︸ ︷︷ ︸
A
ϕ+
 0
B0

︸ ︷︷ ︸
B
V (t), ϕ(x, 0) = ϕ0. (26)
Lemma 4.2. The operator A satisfies A∗ = −A on H, and
Re 〈Aϕ,ϕ〉H = Re 〈A∗ϕ,ϕ〉H = 0.
Also, A has a compact resolvent.
Proof. Let ~y =
 y1
y2
 , ~z =
 z1
z2
 ∈ Dom(A). Integration by parts and using the
boundary conditions (23) yield
〈A~y, ~z〉H =
∫ L
0
{−A(y1)xxxxz¯3 − γβh2h3ςB21(J(y1)x)xz¯3
−γβh2h3ςB1B2(Jy2)xz¯3 − γβB3(y2)xxxz¯3 + γβh2h3ςB1B2J(y1)xz¯4
+γβh3B3(y1)xxxz¯4 + βB4(y2)xxz¯4 + γβh2h3ςB22Jy2z¯4
−γβh2h3ς(B1J(y3)x +B2Jy4)(B1(z¯1)x +B2z¯2) +A(y3)xx(z¯1)xx
+γβB3(y4)x(z¯1)xx + γβB3(y3)xx(z¯2)x + βB4(y4)x(z¯2)x} dx
=
∫ L
0
{−A(y1)xx(z¯3)xx + γβh2h3ςB21Jy1(z¯3)x + γβh2h3ςB1B2Jy2)(z¯3)x
+γβB3(y2)xx(z¯3)x − γβh2h3ςB1B2y1(Jz¯4)x − γβh3B3(y1)xx(z¯4)x
−βB4(y2)x(z¯4)x + γβh2h3ςB22y2Jz¯4 − γβh2h3ς
(−B21(J(y3)x)z¯1
−B1B2(J(z¯2)x)y3 −B1B2(Jy4)xz¯1 +B22Jy4z¯2
)
+A(y3)xxxxz¯1
−γβB3(y4)xx(z¯1)x − γβB3(y3)x(z¯2)xx − βB4y4(z¯2)xx} dx
= 〈~y,A∗~z〉H
= 〈~y,−A~z〉H .
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This shows that A is skew-symmetric. To prove that A is skew-adjoint on H, i.e.
A∗ = −A on H, it is required to show that for any v ∈ H there is u ∈ Dom(A) so
that Au = v, see [37, Proposition 3.7.3]. This is equivalent to solving the system of
equations for u ∈ Dom(A). Using (3) to simplify the equations leads to
mv3 = −A(u1)xxxx − γβh2h3ςB21(J(u1)x)x
−γβh2h3ςB1B2(Ju2)x − γβB3(u2)xxx (27)
µh3v4 = γβh2h3ςB1B2J(u1)x + γβh3B3(u1)xxx
+βB4(u2)xx + γβh2h3ςB22(Ju2) (28)
v1 = u3
v2 = u4.
Define the bilinear forms a and c by
a
 u1
u2
 ,
 F
G
 = −γβh2h3ς 〈J(B1(u1)x +B2u2), B1(v1))x +B2v2〉X
+
〈 A γβB3
γβB3 βB4
 (u1)xx
(u2)x
 ,
 (v1)xx
(v2)x
〉
X2
,
c
 u1
u2
 ,
 F
G
 = m 〈u1, v1〉X + µh3 〈u2, v2〉X .
Let (F,G) ∈ H2L(0, L) × H1(0, L). If we multiply (27) by F and (28) by G, then
integrate by parts, we obtain
a
 u1
u2
 ,
 F
G
+ c
 u1
u2
 ,
 F
G
 = 0. (29)
The bilinear forms a and c are symmetric, bounded and coercive H2L(0, L) and
H1L(0, L), respectively. Therefore, by Lax- Milgram theorem, there exists a unique
pair (u1, u2) ∈ H2L(0, L)×H1L(0, L) satisfying (29).
The last step of our proof is to show that
 u1
u2
 ∈ Dom(A). However, this step
is straight forward since (29) is the definition of Dom(A). To see this let
 u1
u2
 ∈
H2L(0, L) × H1L(0, L),
 F
G
 ∈ H2L(0, L) × H1L(0, L), and all boundary conditions
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hold. A simple calculation shows that
c
A
 u1
u2
 ,
 F
G

= c
 1m (−A(u1)xxxx − γβh2h3ς (B21(J(u1)x)x
1
µh3
(
γβh2h3ς
(
B1B2J(u1)x +B22(Ju2)
))
+B1B2(Ju2)x)− γβB3(u2)xxx)
γβh3B3(u1)xxx + βB4(u2)xx)
 ,
 F
G

=
〈 −A(u1)xxxx − γβh2h3ς (B21(J(u1)x)x
γβh2h3ς
(
B1B2J(u1)x +B22(Ju2)
)
+B1B2(Ju2)x)− γβB3(u2)xxx
γβh3B3(u1)xxx + βB4(u2)xx
 ,
 F
G
〉
X2
= −a
 u1
u2
 ,
 F
G
 ,
and therefore
a
 u1
u2
 ,
 F
G
+ c
 u1
u2
 ,
 F
G
 = 0. (30)
Now if we let
 F
G
 =
 F1
G1
 ∈ (C∞0 (0, L))2, it follows that
a
 u1
u2
 ,
 F1
G1
+ c
 u1
u2
 ,
 F1
G1
 = 0
holds for all
 F1
G1
 ∈ (C∞0 (0, L))2. Therefore in ((C∞0 (0, L))2)′ we have
 A(u1)xxxx + γβh2h3ς
[
B21(J(u1)x)x +B1B2(Ju2)x
]
+ γβB3(u2)xxx = 0,
γβh2h3ς
[
B1B2J(u1)x +B22(Ju2)
]
+ γβh3B3(u1)xxx + βB4(u2)xx = 0.
(31)
If we substitute (31) into (29) we obtain that
 u1
u2
 satisfies (30). This together
with (31) implies that
 u1
u2
 ∈ Dom(A).
Consider all external volume and surface forces are zero. The only external force
acting on the system is purely electrical, i.e. V (t) 6= 0. We have the following
well-posedness theorem for (26).
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Theorem 4.3. Let T > 0, and V (t) ∈ L2(0, T ). For any ϕ0 ∈ H, ϕ ∈ C[[0, T ];H]
and there exists a positive constants c1(T ) such that (26) satisfies
‖ϕ(T )‖2H ≤ c1(T )
{
‖ϕ0‖2H + ‖V ‖2L2(0,T )
}
.
Proof. The operatorA : Dom(A)→ H is the infinitesimal generator of C0−semigroup
of contractions by Lu¨mer-Phillips theorem by using Lemma 4.2. The operator B
defined above is an admissible control operator. The conclusion follows.
4.1. Electrostatic Mead-Marcus (M-M) model. Notice that if the magnetic
effects in (17) are neglected, i.e. µ¨p ≡ 0, the last equation can be solved for pxx.
Then we obtain the following model mw¨ + A˜wxxxx − βγh2h3ςB˜φ2x = −γB3B4 V (t)(δL)x,ςC˜φ2 − φ2xx + B˜wxxx = − B2βB4V (t)δL, (32)
with the simplified boundary conditions
w(0) = wx(0) = φ2(0) = wxx(L) = φ2x(L) = 0,
−A˜wxxx(L) + βγh2h3ςB˜φ2(L) = g(t).
(33)
Here the coefficients A˜ = A− γ2βB23B4 > 0, B˜ = B1−
γB2B3
B4
> 0, C˜ = C+ γh2h3B
2
2
B4
are
functions of the materials parameters. This model fits in the form of the abstract
Mead-Marcus beam model obtained in [11, 12]. The main difference is the boundary
conditions.
Using the definitions of J = PξD2x with Pξ = (ςC˜I − D2x)−1 in Lemma 4.1,
(32)-(33) can be simplified to
mw¨ + A˜wxxxx + γβςh2h3B˜2(Jwx)x =
− γ
B4
[
ςh2h3B˜B2(PξδL)x +B3(δL)x
]
V (t) (34)
with the boundary conditions
w(0) = wx(0) = wxx(L) = 0, A˜wxxx(L) + γβςh2h3B˜2Jwx(L) = g(t). (35)
Semigroup well-posedness: Consider only the case g(t) ≡ 0. DefineH = V×H =
H2L(0, L)× L2(0, L). The energy associated with (22)-(23) is
E(t) = 12
∫ L
0
{
m|w˙|2 + A˜|wxx|2 − γβςh2h3B˜2Jwxw¯x
}
dx.
This motivates definition of the inner product on H〈 u1
u2
 ,
 v1
v2
〉
H
= 〈u2, v2〉H + 〈u1, v1〉V
=
∫ L
0
{
mu2v¯2 + A˜(u2)xx(v¯2)xx − γβςh2h3B˜2J(u1)x(u¯1)x
}
dx.
Define the operator A : Dom(A) ⊂ H → H where
A =
 0 I
−1
m
(
A˜D4x + γβςh2h3B˜2DxJDx
)
0
 (36)
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with
Dom(A) = {(z1, z2) ∈ H, z2 ∈ H2L(0, L), (z1)xx(L) = 0,
A˜(z1)xxx + γβςh2h3B˜2J(z1)x ∈ H1(0, L),
A˜(z1)xxx(L) + γβςh2h3B˜2J(z1)(L) = 0}.
Define the control operator B ∈ L(C,Dom(A)′) by
B =
 0
− γmB4
[
ςh2h3B˜B2(PξδL)x +B3(δL)x
]

and the dual operator B∗ ∈ L(H,C) is
B∗Φ = γ
mB4
[
ςh2h3B˜B2(Pξ(Φ2)x(L)) +B3(Φ2)x(L)
]
.
Writing ϕ = [w, w˙]T, the control system (34)-(35) with the voltage controller V (t)
can be put into the state-space form{
ϕ˙ = Aϕ+BV (t), ϕ(x, 0) = ϕ0. (37)
Theorem 4.4. Let T > 0, and V (t) ∈ L2(0, T ). For any ϕ0 ∈ H, ϕ ∈ C[[0, T ];H]
and there exists a positive constants c1(T ) such that (37) satisfies
‖ϕ(T )‖2H ≤ c1(T )
{
‖ϕ0‖2H + ‖V ‖2L2(0,T )
}
. (38)
Proof. The proof follows the steps of Theorem 4.4.
5. Stabilization results. In this paper, the top and bottom layers are made of
different materials, one is elastic and another one is piezoelectric, in contrast to
model in [24]. This causes different speeds of wave propagation at the top and
bottom layers. In fact, if both the top and the bottom layers of the composite
are piezoelectric, it is shown in [24] that the fully dynamic R-N model (13) with
four B∗−type feedback controllers lacks of asymptotic stability for many choices of
material parameters of the piezoelectric layers. These solutions are corresponding to
the “bending-free” or “inertial sliding” motions. In contrast to this result, inertial-
sliding solutions are asymptotically stable. We also show that the electrostatic R-N
model is shown to be exponentially stable with only three feedback controllers in
comparison to the four feedback controllers in [24]. We improve that result.
The fully dynamic M-M model has unstable solutions with the B∗−feedback.
This is in line with the result in [24] that the material parameters are sensitive to
the stabilization of the system with only one feedback controller. The electrostatic
M-M model is asymptotically stable with only one controller. We also mention
an exponential stability result for the electrostatic M-M beam model at the end
without a proof since the proof is too long and it is beyond the scope of this paper.
5.1. The fully dynamic Rao-Nakra (R-N) model. Let k1, k2, k3, k4 ∈ R+,
and choose the state feedback controllers in the fully-dynamic model (10) as the
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following
F(t) =

g1(t)
V (t)
M(t)
g(t)
 = KB∗ϕ =

−k1v˙1(L)
k2p˙(L)
k3w˙x(L)
−k4w˙(L)
 (39)
where K = diag(−k1, k2, k3,−k4), and v˙1(L), p˙(L), w˙(L), w˙x(L) are the velocity
of the elastic layer, total induced current accumulated at the electrodes of the
piezoelectric layer, angular velocity and velocity of the bending of the composite at
the tip x = L, respectively.
Consider the eigenvalue problem Aϕ = λϕ for the inertial sliding solutions, i.e.
w = 0 : 
α1h1v
1
xx − G2h2 (−v1 + v3) = −τ2ρ1h1v1,
α31h3v
3
xx − γβh3pixx + G2h2 (−v1 + v3) = −τ2ρ3h3v3,
βh3pxx − γβh3v3xx = −τ2µh3p,
G2H
h2
(−v1 + v3)x = 0,
(40)
with the overdetermined boundary conditions∣∣w = wx = vi = pi∣∣x=0 = ∣∣vix = pix = pi∣∣x=L = 0,
w(L) = wx(L) = wxx(L) = wxxx(L) = 0, i = 1, 3. (41)
By using the boundary conditions v1(0) = v3(0) = 0, the last equation in (40)
implies that v1 = v3. Then (40) reduces to
α1h1v
1
xx = −τ2ρ1h1v1,
α31h3v
3
xx − γβh3pixx = −τ2ρ3h3v3,
βh3pxx − γβh3v3xx = −τ2µh3p,
(42)
By the boundary conditions for v1, we obtain v1 = v3 ≡ 0. Finally, by the boundary
conditions for p, the equation βh3pxx = −τ2µh3p has only the solution p ≡ 0. We
have the following immediate result:
Theorem 5.1. The inertial sliding solutions of the fully dynamic model (10) is
strongly stable by the feedback (39).
Proof. It can be shown in (40) that 0 ∈ σ(A) since λ = 0 corresponds to the
trivial solution. Therefore, there are only isolated eigenvalues. There are also no
eigenvalues on the imaginary axis, or in other words, the set{
z ∈ H : Re 〈Az, z〉H = −k1|v˙(L)|2 − k2|p˙(L)|2 = 0
}
(43)
has only the trivial solution by the argument (40-(42). Therefore, by La Salle’s
invariance principle, the system is asymptotically stable.
It is important to note that the asymptotic stability of other solutions is still an
open problem due to the strong coupling between bending, stretching, and charge
equations.
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5.2. Electrostatic Rao-Nakra (R-N) model. Let k1, k2, k3, k4 ∈ R+, and choose
the state feedback controllers in the model with no magnetic effects (11) as the fol-
lowing
F(t) =

g1(t)
V (t)
M(t)
g(t)
 = KB∗ϕ =

−k1v˙1(L)
−k2v˙3(L)
k3w˙x(L)
−k4w˙(L)
 (44)
where K = diag(−k1,−k2, k3,−k4), and v˙3(L) is the velocity of the piezoelectric
layer, at the tip x = L.
The model without magnetic effects is exponentially stable with the feedback
(44). We recall the following theorem:
Theorem 5.2. [24, Theorem 4.3] Let the feedback (44) be chosen. The solutions
ϕ(t) = e(A+KBB∗)tϕ0 for t ∈ R+ of the closed-loop system{
ϕ˙ = Aϕ+KBB∗ϕ, ϕ(x, 0) = ϕ0. (45)
is exponentially stable in H.
In this paper, we use modified multipliers to reduce the number of controllers
to three, i.e. the controller g(t) = −k4w˙(L) may be removed. To achieve this, the
following result plays a key role in order to show that there are no eigenvalues on
the imaginary axis. Note that the analogous result in [24] requires u(L) = 0.
Lemma 5.3. Let λ = iµ. The eigenvalue problem
α11h1z
1
xx −G2φ2 = λ2ρ1h1z1,
α31h3z
3
xx +G2φ2 = λ2ρ3h3z3,
−K2uxxxx +G2Hφ2x = λ2(mu−K1uxx),
φ2 = 1h2
(−z1 + z3 +Hux)
(46)
with the overdetermined boundary conditions
u(0) = ux(0) = ux(L) = uxx(L) = uxxx(L) = 0,
zi(0) = zi(L) = zix(L) = 0, i = 1, 3,
(47)
has only the trivial solution.
Proof. Now multiply the equations in (46) by xz¯1xxx, xz¯3xxx, and xu¯xxx, respectively,
use the boundary conditions (47), integrate by parts on (0, L), and add them up:
0 =
∫ L
0
{−α11h1|z1xx|2 − α31h3|z3xx|2 −K2|uxxx|2 − 3ρ1h1λ2|z1x|2
−3ρ3h3λ2|z3|2 + 3mλ2|ux|2 +K1λ2|uxx|2 + 3G2H|φ2x|2
−G2Hφ¯2xφ2xxx −K2u¯xxxx(xuxxx)−G2Hφ2u¯xxx − α31h3z¯3xx(xz3xxx)
−α11h1z¯1xx(xz1xxx)− ρ1h1λ2z¯1(xz1xxx)− ρ1h1λ2z¯1(xz1xxx)
−ρ3h3λ2z¯3(xz3xxx) + λ2(mu¯−K1u¯xx)(xuxxx)
}
dx
(48)
where we use the boundary conditions for z1xx(L) = z3xx(L) = 0 via the differential
equations (46) since φ2(L) = z1(L) = z3(L) = 0.
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Now consider the conjugate eigenvalue problem corresponding to (46)-(47):
α11h1z¯
1
xx −G2φ¯2 = λ¯2ρ1h1z¯1,
α31h3z¯
3
xx +G2φ¯2 = λ¯2ρ3h3z¯3,
−K2u¯xxxx +G2Hφ¯2x = λ¯2(mu¯−K1u¯xx),
φ¯2 = 1h2
(−z¯1 + z¯3 +Hu¯x)
(49)
with overdetermined boundary conditions
u¯(0) = u¯x(0) = u¯x(L) = u¯xx(L) = u¯xxx(L) = 0,
z¯i(0) = z¯i(L) = z¯ix(L) = 0, i = 1, 3. (50)
Now multiply the equations in (49) by xz1xxx, xz3xxx, and xuxxx, respectively, inte-
grate by parts on (0, L), and add them up:
0 =
∫ L
0
{
G2h2φ¯
2(xφ2xxx) +G2h2Hφ2u¯xxx +K2u¯xxxx(xuxxx)
+α11h1z¯1xx(xz1xxx) + α31h3z¯3xx(xz3xxx) + ρ1h1λ¯2z¯1(xz1xxx)
+ρ3h3λ¯2z¯3(xz3xxx)− λ¯2(mu¯−K1u¯xx)(xuxxx)
}
dx.
(51)
Since λ = iµ, adding (48) and (51) yields
0 =
∫ L
0
{−α11h1|z1xx|2 − α31h3|z3xx|2 −K2|uxxx|2 − 3ρ1h1λ2|z1x|2
−3ρ3h3λ2|z3|2 + 3mλ2|ux|2 +K1λ2|uxx|2 + 3G2H|φ2x|2
}
dx.
(52)
Now multiply the equations in (46) by 3z¯1xx, 3z¯3xx, and 3u¯xx, respectively, integrate
by parts on (0, L), and add them up:
0 =
∫ L
0
{
3α11h1|z1xx|2 + 3α31h3|z3xx|2 + 3K2|uxxx|2 − 3G2H|φ2x|2
+3ρ1h1λ2|z1x|2 + 3ρ3h3λ2|z3|2 − 3mλ2|ux|2 −K1λ2|uxx|2
}
dx.
(53)
Finally, adding (52) and (53) yields∫ L
0
{
α11h1|z1xx|2 + α31h3|z3xx|2 +K2|uxxx|2
}
dx = 0. (54)
This implies that z1xx = z3xx = uxxx = 0, and by using the overdetermined boundary
conditions (47), we obtain that z1 = z3 = u ≡ 0.
Let the controller g(t) be removed in (44). Now the number of feedback con-
trollers is reduced to three:
g1(t)
V (t)
M(t)
 = B∗ϕ =

−k1v˙1(L)
k2v˙
3(L)
−k3w˙x(L)
 . (55)
Theorem 5.4. Let the feedback (55) be chosen. Then the solutions
ϕ(t) = e(A+KBB∗)tϕ0 for t ∈ R+ of the closed-loop system (11)-(12) is exponentially
stable in H.
Proof. To prove this, we replace Lemma 4.2 by Lemma 5.3 in the proof of Theorem
4.3 in [24]. The rest of the proof uses the compact perturbation argument the same
way as in Theorem 4.3 in [24].
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5.3. The fully dynamic Mad-Marcus (M-M) model. The model with mag-
netic effects is a strongly coupled system for bending, shear and charge equations.
We consider the bending-free model with the following B∗− type feedback controller
V (t) = −k1p˙(L), k1 > 0 :
µh3p¨− βB4pxx − γβh2h3ςB22Jp = −V (t)δL,
p(0) = 0, βB4px(L) = −k1p˙(L),
(p, p˙)(x, 0) = (p0, p1).
(56)
Let H = H1L(0, L)× L2(0, L). The energy associated with (56) is
E(t) = 12
∫ L
0
{
µh3|p˙|2 + βB4|px|2 − γβh2h3ςB22(Jp))p¯
}
dx
This motivates definition of the inner product on H〈 u1
u2
 ,
 v1
v2
〉
H
=
∫ L
0
{
µh3u2v¯2 + βB4(u1)x(v¯1)x − γβςh2h3B˜2J(u1)(u¯1)
}
dx.
Define the operator A : Dom(A) ⊂ H → H :
A =
 0 I
βB4
µh3
D2x +
γβh2ςB
2
2
µ J 0
 (57)
where
DomA = (H2(0, L) ∩H1L(0, L))
⋂{~z : βB4(z1)xx + γβh2h3ςB22Jz1 ∈ H,
βB4(z1)x(L) + k1µh3z2(L) = 0}
(58)
Theorem 5.5. The operator A defined by (57)-(58) is dissipative in H. More-
over, A−1 exists and is compact on H. Therefore, A generates a C0-semigroup of
contractions on H and the spectrum σ(A) consists of isolated eigenvalues only.
Proof. Let Y ∈ Dom(A). Then
〈AY, Y 〉 =
∫ L
0
[(
βB4(y1)xx + γβh2h3ςB22Jy1
)
y¯2
+
(
βB4(y2)x(y¯1)x − γβςh2h3B˜2J(y2)(y¯1)
)]
dx
= βB4(y1)xy¯2|Lx=0
+
∫ L
0
[
βB4(−(y1)x(y¯2)x + (y¯1)x)(y2)x + γβh2h3ςB22 (Jy1y¯2 − J(y¯1)(y2))
]
dx
Therefore, Re 〈AY, Y 〉 = −k1µh3|z2(L)|2 ≤ 0. Therefore, A generates a C0-semigroup
of contractions on H.
Next, we show that 0 ∈ σ(A), i.e. 0 is not an eigenvalue. Let Z ∈ H. We show
that there exists Y ∈ Dom(A) such that AY = Z :
y2 = z1 ∈ H1L(0, L),
βB4(y1)xx + γβh2h3ςB22Jy1 = z2.
Since Jy1 = P−1ξ (y1)xx, the second equation can be re-written as
(βB4I + γβh2h3ςB22P−1ξ )(y1)xx = z2
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where (βB4I + γβh2h3ςB22P−1ξ ) is a positive operator, and therefore, is invertible.
Therefore,
(y1)xx = (βB4I + γβh2h3ςB22P−1ξ )
−1z2 := ψ ∈ L2(0, 1).
By integrating the equation twice we conclude that
y1 =
∫ x
1
(x− τ)ψ(τ)dτ +
∫ 1
0
τψ(τ)dτ − k1µh3z1(L)
βB4
x.
Thus, Y ∈ Dom(A). Since 0 ∈ σ(A), and AâĹŠ−1 is compact on H, the spectrum
σ(A) consists of isolated eigenvalues only.
Let λ = iτ. Consider the eigenvalue problem Aϕ = λϕ corresponding to (56):
Cςφ2 − φ2xx +B2pxx = 0
−βB4pxx + γβh2h3ςB2φ2 = µh3τ2p,
φ2(0) = φ2x(L) = p(0) = βB4px(L) + k1µh3iτp(L) = 0.
(59)
Now let Φ = [p px ϕ ϕx]T. The system (59) can be written as
Φx = A˜Φ :=

0 1 0 0
−µh3τ2βB4 0
γh2h3ςB2
B4
0
0 0 0 1
−µh3B2τ2βB4 0 Cς +
γh2h3ςB
2
2
B4
0
Φ.
Now consider the auxiliary eigenvalue problem A˜Φ˜ = λ˜Φ˜ that has the following
characteristic equation:
λ˜4 +
(
h3µτ
2
βB4
− B
2
2γςh2h3
B4
− Cς
)
λ˜2 − Cςh3µτ
2
βB4
= 0.
Let τ2 > βB4µh3
(
Cς + B
2
2γςh2h3
B4
)
. There are four complex conjugate eigenvalues
λ˜ = {∓ia1,∓ia2} where
a1 =
√
−B22γςh2h3
B4
− Cς + h3µτ2βB4 +
√
(h3µτ2βB4 −
B22γςh2h3
B4
− Cς)2 + 4Cςh3µτ2βB4√
2
a2 =
√
−B22γςh2h3
B4
− Cς + h3µτ2βB4 −
√
(h3µτ2βB4 −
B22γςh2h3
B4
− Cς)2 + 4Cςh3µτ2βB4√
2
.
Define b1 := B4γςh2h3B2
(
µh3
βB4
τ2 − a21
)
, b2 := B4γςh2h3B2
(
µh3
βB4
τ2 − a22
)
where b1, b2 6= 0
and b1 − b2 6= 0. By using the boundary conditions at x = 0,
y1(x) =
a1 (b1C1 − C2) sin (a2x) + a2 (C2 − b2C1) sin (a1x)
a1a2 (b1 − b2)
y2(x) =
a1b2 (b1C1 − C2) sin (a2x) + a2b1 (C2 − b2C1) sin (a1x)
a1a2 (b1 − b2)
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where C1, C2 are arbitrary constants. By using the boundary conditions at x = L,
the coefficient matrix for (C1 C2)T has the determinant
βB4 cos (a1L) cos (a2L) +
ih3K1µτ (a1b1 sin (a2L) cos (a1L)− a2b2 sin (a1L) cos (a2L))
a1a2 (b1 − b2) = 0.
Assume a1 = (2n−1)pi2L , a2 =
(2m−1)pi
2L for some n,m ∈ R+ so that
τnm =
√
βB4
µh3
(
Cς + B
2
2γςh2h3
B4
)
+ (2n− 1)2 + (2m− 1)2. (60)
Then, the determinant becomes zero. Therefore, we find a non-trivial solution of
(59):  pnm(x) = sin (a2,mx)− sin (a1,nx) ,φ2nm(x) = b2,m sin (a2,mx)− b1,n sin (a1,nx) . (61)
Note that the condition a1 = (2n−1)pi2L , a2 =
(2m−1)pi
2L is equivalent to the following
condition that material parameters satisfy
(2n− 1)2(2m− 1)2 − Cς [(2n− 1)2 + (2m− 1)2] = CςL2
pi2
(
Cς + B
2
2γςh2h3
B4
)
.
Theorem 5.6. Then the solutions {ϕ(t)}t∈R+ with V (t) = −k1p˙(L) of the closed-
loop system (56) is NOT strongly stable in H if a1 = (2n−1)pi2L , a2 = (2m−1)pi2L for
some m,n ∈ Z, and τnm is defines by (60)
Proof. Consider the eigenvalue problem (59) with (62). We show that there are
eigenvalues on the imaginary axis, or in other words, the set{
z ∈ H : Re 〈Az, z〉H = −k1µh3|z2(L)|2 = 0
}
(62)
has non-trivial solutions. With (62), the eigenvalue problem becomes overdeter-
mined with the extra boundary condition p(L) = 0. If a1a2 =
2n−1
2m−1 , the nontrivial
solution (61) automatically satisfies pnm(L) = 0. In other words, the B∗−type feed-
back V (t) = −k1p˙nm(L) does not stabilize the system if the material parameters
satisfy a1a2 =
2n−1
2m−1 for some m,n ∈ Z with τnm defined by (60).
5.4. Electrostatic Mead-Marcus (M-M) model. The electrostatic M-M model
(34)-(35) is a continuous perturbation of the classical Euler-Bernoulli model due to
the operator J defined in Lemma 4.1. Controlling the Euler-Bernoulli beam through
its boundary has been a long standing problem in the PDE control theory, see
[6, 13, 16, 17] and the references therein. It is proved that one of the two controllers
acting on the boundary is unnecessary to achieve exponential stability.
The only boundary feedback stabilization result for the model (34)-(35) is pro-
vided by [40] for a three-layer composite (having no piezoelectric layer) with clamped-
free boundary conditions, and only a mechanical controller g(t) is applied at the
free end x = L, see (15). This type of mechanical boundary control is ruled out
for a smart piezoelectric M-M beam since we want to control the overall bending
motion of the composite by only an electrical controller V (t) which controls the
bending moment at the tip x = L, not the transverse shear.
We choose the following B∗− type feedback controller
V (t) = −k1(Pξw˙x)(L, t), g(t) ≡ 0, k1 > 0 (63)
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where Pξw˙x(L) = 1B˜ξ
(
w˙x − φ˙2
)
(L), and φ˙2 is the velocity of the shear of middle
layer. Presumably, this type of feedback is a perturbation of the angular velocity
feedback w˙x(L) in the Euler-Bernoulli model. The energy of the system dissipates
and it satisfies
dE(t)
dt = γV (t)
∫ L
0
[
h2h3ςB˜(Pξw˙x)(L) + B3B4 w˙x(L)
]
= −k1γB4
(
h2h3ςB˜B2Pξ +B3I
)
w˙x(L) · Pξw˙x(L)
≤ 0
where h2h3ςB˜B2Pξ+B3I is a non-negative operator. Observe that Pξw˙x(L) ·w˙x(L)
is the total piezoelectric effect due to the coupling of the charge equation to shear
and bending at the same time. In fact, this is a damping injection through the
shear of the middle layer to control the bending moments at x = L.
Let the operator A be the same as (36) with the new domain
Dom(A) = {(z1, z2) ∈ H, z2 ∈ H2L(0, L),
A˜(z1)xxx + γβςh2h3B˜2J(z1)x ∈ H1(0, L),
A˜(z1)xx(L) + k1 γB4
(
ςh2h3B˜B2(Pξ) +B3I
)
(z2)x · Pξ(z¯2)x
∣∣∣
x=L
= 0,
A˜(z1)xxx(L) + γβςh2h3B˜2J(z1)(L) = 0}.
(64)
Theorem 5.7. The operator A defined by (36)-(64) is dissipative in H. More-
over, A−1 exists and is compact on H. Therefore, A generates a C0-semigroup of
contractions on H and the spectrum σ(A) consists of isolated eigenvalues only.
Proof. Let Y ∈ Dom(A). Then
〈AY, Y 〉 =
∫ L
0
[(−A˜(y1)xxxx − γβςh2h3B˜2DxJ(y1)x) y¯2(
A˜(y2)xx(y¯1)xx − γβςh2h3B˜2J(y2)x(y¯1)x
)]
dx
= +
(−A˜(y1)xxx − γβςh2h3B˜2DxJ(y1)) y¯2∣∣Lx=0 + A˜(y1)xx(y¯2)x∣∣Lx=0
+
∫ L
0
[−A˜(y1)xx(y¯2)xx + γβςh2h3B˜2J(y1)x(y¯2)x(
A˜(y2)xx(y¯1)xx − γβςh2h3B˜2J(y2)x(y¯1)x
)]
dx.
Therefore, Re 〈AY, Y 〉 = −k1γB4
(
h2h3ςB˜B2Pξ +B3I
)
(z2)x(L) · Pξ(z¯2)x(L) ≤ 0.
Therefore A is dissipative. Therefore, if A−âĹŠ1 exists, A must be densely de-
fined in H. Therefore, A generates a C0-semigroup of contractions on H. Next, we
show that 0 ∈ σ(A), i.e. 0 is not an eigenvalue. We solve the following problem: A˜wxxxx + γβςh2h3B˜2(Jwx)x = 0,w(0) = wx(0) = wx(L) = A˜wxxx(L) + γβςh2h3B˜2Jwx(L) = 0. (65)
Let Jwx := u. By the definition of J = (ςC˜I −D2x)−1D2x, (65) is re-written as
A˜wxxxx − βγh2h3ςB˜ux = 0,
ςC˜u− uxx + B˜wxxx = 0,
w(0) = wx(0) = u(0) = wxx(L) = ux(L) = A˜wxxx(L)− βγh2h3ςB˜u(L) = 0.
MODELING AND STABILIZATION RESULTS FOR A PIEZOELECTRIC COMPOSITE 27
By using the last boundary condition, we integrate the first equation and plug it in
the u−equation to get
(
ξ + βγh2h3ςB˜
2
A˜
)
u − uxx = 0. Since ξ + βγh2h3ςB˜
2
A˜
> 0, by
the boundary conditions for u, we obtain that u ≡ 0. This implies that wxxx = 0.
By the boundary conditions w ≡ 0. A˜wxxx − βγh2h3ςB˜u = 0. Thus, 0 ∈ σ(A), and
A−1 is compact on H. Hence the spectrum σ(A) consists of isolated eigenvalues
only.
Theorem 5.8. Let the feedback (63) be chosen and g(t) ≡ 0 in (32). Then the
solutions ϕ(t) for t ∈ R+ of the closed-loop system (37) is strongly stable in H.
Proof. If we can show that there are no eigenvalues on the imaginary axis, or in
other words, the set{
z ∈ H : Re 〈Az, z〉H = −
k1γ
B4
(
h2h3ςB˜B2Pξ +B3I
)
(z2)x(L) · (Pξ z¯2)x(L) = 0
}
(66)
has only the trivial solution, i.e. z = 0; then by La Salle’s invariance principle, the
system is strongly stable. Therefore, proving the asymptotic stability of the (1)-(3)
reduces to showing that the following eigenvalue problem Az = λz :
A˜wxxxx + γβςh2h3B˜2(Jwx)x + λ2w = 0,
w(0) = wx(0) = wx(L) = wxx(L) = 0,
A˜wxxx(L) + γβςh2h3B˜2Jwx(L) = (Pξwx)(L) = 0.
(67)
has only the trivial solution. By using the definition of (34), i.e. (Jwx) = (ςPξwx)−
wx, we obtain that (Jwx)(L) = 0 since both terms (Pξwx)(L) and wx(L) are zero
by (66).
Let λ = iω where ω ∈ R. Then (67) reduces to A˜wxxxx + γβςh2h3B˜2(Jwx)x − ω2w = 0,w(0) = wx(0) = wx(L) = wxx(L) = wxxx(L) = Jwx(L) = (Pξwx)(L) = 0. (68)
Note that the following integrals are true.∫ L
0
xwxxxxw¯xxxdx =
−1
2
∫ L
0
|wxxx|2dx,∫ L
0
xww¯xxxdx =
∫ L
0
3
2
∫ L
0
|wx|2dx
and ∫ L
0
x(Jwx)xw¯xxxdx =
∫ L
0
x((ξPξ − I)wx)xw¯xxxdx∫ L
0
ξ(Pξwx)xxw¯xxxdx+
1
2
∫ L
0
|wxx|2dx
Let z = Pξwx. Then ξz − zxx = wx, and therefore∫ L
0
ξ(Pξwx)xxw¯xxxdx =
∫ L
0
ξzxx(ξz¯xx − z¯xxxx) = −12
∫ L
0
(
ξ2|zx|2 + ξ|zxx|2
)
dx
Multiplying the equation by xw¯xxx and integrate by parts using the boundary con-
ditions to obtain∫ L
0
(
A˜|wxxx|2 + 3m|wx|2 + ξ2|zx|2 + ξ|zxx|2
)
dx = 0.
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By using the overdetermined boundary conditions we obtain w ≡ 0.
We state the following stability theorem and skip the proof since it goes beyond
the scope of the paper. The proof uses the same type of frequency domain approach
and spectral multipliers used in [26, Theorem 4] where a stronger B∗− type feedback
is chosen V (t) = −k1
[
ςh2h3B˜B2(Pςw˙x(L)) +B3w˙x(L)
]
in comparison to (63).
Theorem 5.9. Let the feedback (63) be chosen and g(t) ≡ 0 in (32). Then the
solutions ϕ for t ∈ R+ of the closed-loop system (37) is exponentially stable in H.
Note that our result not only confirms the results in [3] but also improves them
since only the asymptotic stability is mentioned in [3] without a proof.
6. Conclusion and Final Remarks. In this paper, electrostatic voltage-controlled
piezoelectric smart composite beam models are shown to be exponentially stable
with the choice of the B∗−type state feedback, which are all mechanical. This is
similar to the charge-actuation case but not the current actuation case where only
the asymptotic stability can be achieved [25]. For the fully dynamic R-N model,
asymptotic stability can be achieved for “inertial sliding solutions” yet this is not
the case for the fully dynamic M-M model. There may still be eigenvalues on the
imaginary axis. This implies that one electric controller for the piezoelectric layer
may not be enough in general to asymptotically (or exponentially) stabilize larger
classes of solutions involving bending motions. This lines up with the results for the
charge or current-actuated models [25]. The stabilization results are summarized
in Table 2.
Finally, we can conclude that even though the magnetic effects are minor in
comparison to the mechanical and electrical effects for a piezoelectric layer, they
have dramatic effects in controlling these composites. Note that the stabilizability
of fully dynamic R-N and M-M models for energy-space solutions is still an open
problem. On the other hand, consideration of a remedial damping injection (by
a mechanical feedback controller) to the piezoelectric layer of the fully dynamic
models is under consideration. Numerical results confirm that mechanical feedback
controllers have a stronger effect to suppress vibrations [27]. Together with the
effect of shear damping, the investigation of the optimal decay rates to tune up the
damping parameters and the feedback gains is the topic of future research.
The modeling of the three layer composition can be formed into a bimorph energy
harvester [9, 32] or a shear mode energy harvester [18] to convert the stabilization
problem to an energy harvesting problem. The mathematical analysis provided in
this paper will be a perfect foundation for future research on these models.
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